Introduction and Main Results
Let D be a domain in C, and let F be a family of meromorphic functions defined in the domain D. F is said to be normal in D, in the sense of Montel, if for every sequence {f n } ⊆ F contains a subsequence {f n j } such that f n j converges spherically uniformly on compact subsets of D see 1, Definition 3.1.1 .
F is said to be normal at a point z 0 ∈ D if there exists a neighborhood of z 0 in which F is normal. It is well known that F is normal in a domain D if and only if it is normal at each of its points see 1, Theorem 3.3.2 .
Let f be a meromorphic function in the complex plane. We use the standard nota-tions and results of value distribution theory as presented in 2-4 . In particular, T r, f is Nevanlinna's characteristic function and S r, f denotes a function with the property S r, f o T r, f as r → ∞ outside an exceptional set of finite linear measure .
In 1959, Hayman 5 proved the following well-known result.
Theorem A. Let f be a transcendental meromorphic function on the complex plane C, let a be a nonzero finite complex number, and let n be a positive integer. If n ≥ 5, then f af n assumes each value b ∈ C infinitely often.
Abstract and Applied Analysis
There are some examples constructed by Mues 6 
Some Lemmas
To prove our results, we need some preliminary results. 
We claim that φψ / ≡ 0. If φ ≡ 0, then F ≡ 0. We can deduce that F ≡ c, where c is a finite complex number. We conclude from 2.1 and Lemma 2.1 that, f must be a polynomial, which is a contradiction.
If ψ ≡ 0, from 2.3 , we can obtain
where c is a finite complex number, that is,
If a − c 0, we can get that f ≡ b, which is a contradiction.
If a − c / 0, we conclude from 2.5 and Lemma 2.1 that f must be a polynomial, which is a contradiction. 
By 2.2 and 2.3 , we get
We have by 2.6 -2.7
2.10
Abstract and Applied Analysis 5 It follows from 2.6 -2.10 that
2.11
So, we have
2.12
We have
Since f / 0, if f a f k n assumes the value b only finitely often, we by 2.12 can get
So f a f k n assumes each value b ∈ C infinitely often. We complete the proof of Lemma 2.2.
Using the method of Chang 10, Lemma 4 , we obtain the following lemma. Lemma 2.3. Let f be a nonconstant zero-free rational function, n ≥ 2, let k be two positive integers, and a / 0, b be two complex constants. Then, the function f a f k n − b has at least nk 1 distinct zeros in C.
Proof. Since f z is a nonconstant zero-free rational function, f z is not a polynomial, and hence it has at least one finite pole. Thus, we can write 
